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INTRODUCTION



SEMI-CLASSICAL FRAMEWORK

Optical absorption coefficient a (at the photon energy E = hw) of an electron
being excited from the valence (VB) to the conduction (CB) band, is subjected to
the transition rate

27 2 . - .
__ M - coupling transition matrix element
Wyg_cs = — [M[ g(E) upling |
h g(E) - joint electron-hole density of states

— > —
—> Negligible or no changes in the electron wave-vector k ( kf ~ ki)
Direct or vertical optical or first-order optical transitions

— —
— Changes in the electron wave-vector k ( k; k)

Indirect or non-vertical or phonon-assisted optical transitions
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DIRECT AND INDIRECT OPTICAL TRANSITIONS IN
CRYSTALLINE SEMICONDUCTORS

Direct Indirect
0Ldir(E < Egap) =0 OLind(E < Egap) =0
1/2 2
ogir(E > Eg,) o< (B — Egy) ind(E > Egyp) o< (B £ 72 — Ey,)
Determination of E_,: extrapolating the linear least Determination of E.,: : extrapolating the linear least

squares fit of a? to zero [“02 versus E” plot].

squares fit of al/2 to zero [“a!/2 versus E” plot].

hQ denotes the energy of a phonon being emitted (+hHQ)

Q  (a) No Coulomb attraction is considered which, notably at lower

O [ enhances ay(E) or absorbed (-hQ): in most cases, the contribution owing

O (b) Extrinsic absorption (due to defect states and impurities) to tQ can be disregarded

Q| may originate Agir(E < Egpp) #0

(';U (_f:) Parabolic-like ay(E 2 E,, )X (E - Eg,,)/? shape is valid only at

— k =0, that could not be valid in certain band structures and,

o L definitely, is not applicable when E > E_,,
o, (E) — steep rise profiles Both a,;(E) and a;,4(E) —and corresponding Egap values - are affected by the local
o;,4(E) - absorption tails due to higher T, the presence of strong electric or magnetic fields, and the physical-chemical

frequency (or multi-) phonon absorption  characteristics (including doping-alloying effects) of the semiconductor material.
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TAUC’S METHOD



RESTRICTIONS TO THE OPTICAL
ABSORPTION PROCESSES

1. Absence of k 2. Momentum transition matrix 3. Density of e states close to VB
conservation element is constant and CB extrema is ~EY/2
(for phonon-assisted transitions) (similar to crystalline case)
Linear least squares fit of Linear least squares fit of
(a-E)Y2 to zero (a/E)Y/2 to zero
[“(a-E)Y/2 versus E” plot] [“(a/E)Y/2 versus E” plot]
Cody approuch = Eg,; = Ecoq Tauc approuch = E_, = Ep,
J. Tauc, R. Grigorovici, & A. Vancu, Optical properties and electronic structure of amorphous germanium. phys. stat. sol. 15:2 (1966) 627, https://doi.org/10.1002/pssb.19660150224 %

G.D. Cody, B.G. Brooks, & B. Abeles, Optical absorption above the optical gap of amorphous silicon hydride. Solar Energy Mater 8:1-3 (1982) 231, https://doi.org/10.1016/0165-1633(82)90065-X
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https://doi.org/10.1016/0165-1633(82)90065-X

Erauc AND Eoq, INFLUENCED BY THE a(E) SPECTRUM
AND ITS POSTERIOR DATA ANALYSIS

Tauc equation

. . . ahv = a(hy — E;)™
For amorphous semiconductors E,,, can be defined by taking E at ( e)
which the a reaches 103 or 10* cm™1, rendering the so-called m={0.5;  direct allowed;
. . 1.5;  direct forbidden
isoabsorption Ey; or E,, bandgaps. 2. indirect allowed
3} indirect forbidden
This procedure is useful only when a(E) > 103 cm™! - for samples with
. . 2.1 — - 32
thicknesses in the (sub-)um range. s mee & mets
%174 § 21
o;:_ll? 8;1‘1
UD.Q E’D‘Q
20 25 30 35 40 45 20 25 30 35 40 45
hv [eV] hv [eV]
1 54
o m=2 2 m=3
E E
310 ias
wré ‘“é
g 0.5 'Q_ 18
iII).(} §'0‘0
20 25 30 35 40 45 20 25 30 35 40 45
hv [eV] hv [eV]

’,
E.C. Freeman, & W. Paul, Optical constants of rf sputtered hydrogenated amorphous Si. Phys. Rev. B 20:2 (1979) 716, https://doi.org/10.1103/PhysRevB.20.716 y
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OTHER MATHEMATICAL EXPRESSIONS

Mott-Davies approach Inverse logarithmic derivative method

direct opt. transitions: ~ ahv = a(hv — g)__l

natural logarithm of Tauc equation yields

indirect opt. transitions:  ghy = a(hy — )nv +7 - In(chv) = mlna + m In(hy - Eg)
. . by differentiating with respect to hv (a does not depend on energy hv)
o« —absorption coefficient
a —constant d 1].’1(th?)) _ 1
hv- photon energy - .
d - effective dimensionality d (h?)) hy E,
n —dispersion relation for CB (c) and VB (v) inversion of equation yields
1
Inflection-point method from time-dependent perturbation theory W = — (hv - g)
a4 m
d(hv)
oe (AEg) 1/2 [1 _ % tan_] {W + A;Eg_th by transforming the left-hand-side, a numerical derivative is obtained

A(hy)
W —minimum energy distance between the CB and VB —_— -_— (h —_ g)
AEg - the amount of the shifted bandgap energy A ln(ahv) m
I' —broadening parameter (freq. independent)

The Eg determined by inflection-point method indicates the energy around which
the transition from low to high absorption is centered.

[
I. Hamberg, C. G. Granqyvist, K. -F. Berggren, B. E. Sernelius, and L. Engstrom, Band-gap widening in heavily Sn-doped In203, Phys. Rev. B 30 (1984) 3240, https://doi.org/10.1103/PhysRevB.30.3240 /m
The overview of other mathematical expressions taken form the lecture of Ramunas Nedzinskas lectrue, ZnMgO thin films for deep ultraviolet applications: structural and optical approach, 17.02.2021
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EXAMPLE

=o' Fe-(3e st -5 IJ c-Gahs
A . — ., — . ' ——u_
(1) limited energy ranges (AE < 100 meV) provids good T et 1 [= —wearn - —oan
linear fits FE T S sk 1 o] 127220020050 E2 - (1420:0.010) ¥
o R =099 e Esomev R =0.299 - R’ =0999
. . . LT T 1 Ll (AE=30meY 1ot
(2) Both direct and indirect E,, values can be 8 ot =
achieved from the a? and a!/2 versus E plots. e ey
] o L 1]
i 1B
. . . . _|c-Ge ! |esi ’ c-GaAs !
Whole process (including graphical representation, —a_ | e —, h
Hw f H H = = = linzarf - = finear | = = Eneariit 1
flttmg range, and gOOdﬁESS-Of-fIt) IS susceptlble to the 2 lEr-(s00m)ey 10} B = (1.102:0.000) &V " EY =(133:0010) eV |
operator’s intervention. A / R =055 A= yrp
o AE=S0maV 1
T s s I=— i
AE=100meV |
I
a L L L L 0 . L . L ob— . . . .
[} (1] [ -] [} 10 10 11 12 13 14 15 12 13 14 15 18
Photon energy (V) Photon energy (eV) Photon energy (eV)
=0 -
c-Ge c-Si 1ol C-GaAs
20— 20| —,,
s Bolamann — Boltzrmam o ol rmann
Sigmoid-Boltzmann function is simple and consistent with & =T = w
the optical processes regarding the experimental s o A
determination of E,,. “r =}
0

A. R. Zanatta, Revisiting the optical bandgap of semiconductors and the proposal of a unified methodology to its determination,
Scientific Reports | (2019) 9:11225 | https://doi.org/10.1038/s41598-019-47670-y
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UNIFIED METHODOLOG&:)
SIGMOID-BOLTZMANN

FUNCTION




SIGMOID-BOLTZMANN FUNCTION: SBF

. c-Ge
o — (X BT
- , min max _ Iiﬂ_—ﬂuln'rcnn
&(E) — Q'max + E_ pbolt E
— Eg 5
1 + exp 5 E

Oin (QAa) - Minimum (maximum) absorption coefficient
EBoUZ_ energy coordinate at which a is halfway between a, ;. and o,
OE - associated with the slope of the sigmoid curve

Advantages: Disadvantages: provides good fit as long as
* Simple .

* Comprise ~500 meV energy range (instead of only .
~100 meV in case of linear fits)

variables a

0

min,max’

c-Si

 c-Gahs
—_

[ Bl mmann

D—

Boltz
EO

Reproduced a high portion of the a(E) spectrun

, and &E have little uncertainty
=>some deviations at high photon energies —

-
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COMPARISON OF DIFFERENT METHODS

ﬂm T T T T T T L] T T T T L] T T T T T T 1"‘5 T T T T T T T T T
_ (Crystalline Ge B 120 (Crystalline Si % - Crystalline GaAs P
ST e LR B I S -
Gonl & o ket [ Ay, ' A, i-ﬁ
] 120 F b
— : ik _ a4
% 0.70 | i i [ o 1 140 J
= e L 115 T ? ; E
-g ﬂm - % 4- i —_— = = _-. - i -_— L4 % - - - - - - &
= 3 ~ 110} % . L
o A - -

08 }F Fay 1 15k 4 4 l}1.136&‘u‘

; ﬂ. [U.’I'-ZI"’ .|;|,;‘ [u:x.'El"’ l;t ::: [cx-'El" 53. = ; dr [u.";EI'” |l.;a [u:x-:-il'” n:.x n't’ [u.El’ 5:' = 1% '.r d'_T [u."!lil" u.'" [u:x.'E"" t.:! 1:':* [u.IEI° E:. =

&:IE daE dE
ethod \ Method Method
Extrapolation (energy,
derivative) of the Extrapolatian * Cody’s indirect, and Tauc’s optical bandgaps are
transmittance curve T {dT/dE) of a(E) almost the same

Indirect Egap . * 0p (E) datayields underestimated E,__’s
, Direct Egap . BLB gap
Cody’s bandga ) .
! 5P Tauc’s bandgap exte;:?VZT;ZZr;TiZed()bvfrsion ) E€Oltz values provided by the aBLB(E)' OLsimp(E)' and
of the Tauc’s bandgap ®comp(E) SPectra are identical
A. R. Zanatta, Revisiting the optical bandgap of semiconductors and the proposal of a unified methodology to its determination, m

Scientific Reports 9 (2019) 11225, https://doi.org/10.1038/s41598-019-47670-y
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COMPARISON OF DIFFERENT METHODS

=)
"

T T T T T 1.45

_ (Crystalline Ge 120Crystalline Si . Crystalline GaAs L
:.-‘l- 0BF v Dfd n:*_::Q,E - k7 u‘gm % % i? o o o L =03
@ |, ) i-* 15} g o ] b o o : é_i
gu.?s-ﬂvu —3- o 120'-’-\%3 ] A o, *‘
= [ 1 neegg | ]
E om} i i I na {1 140 T % .
TR ¢ i
%’Ln.ﬁﬁ- ¥-¥-& ===7=71 10} ?—i—i.____‘__ A %
o T & i -
0.60 F a¥ 4 1k A - l}l'l:iﬁe\l'
R T T T S e e e
dE dE dE
Method Method Method

Cody’s indirect, and Tauc’s optical bandgaps are
almost the same

ag g(E) data yields underestimated E
. E(l)?oltz

Due to the (1) second-order (phonon-assisted) nature of the optical
transitions and (2) of the omission of the light reflection contributions,

's
gap
values show good emphasizes and suitability in values provided by the agg(E), 0p,,(E), and
determining the E,,, of crystalline semiconductirors. Qomp(E) spectra are identical

Boltz
EO

7/
A. R. Zanatta, Revisiting the optical bandgap of semiconductors and the proposal of a unified methodology to its determination, /
Scientific Reports 9 (2019) 11225, https://doi.org/10.1038/s41598-019-47670-y
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SIGMOID-BOLTZMANN FUNCTION

Numerous experimental results suggests existance of
« Central energy EZ°'Z around which most of the optical
transitions take place
* Its corresponding distribution 6E ownes the differences in
the nature of the bandgaps, presence of disorder etc.

Boltz _ Boltz Boltz
Egap — EO — Dgjr—ind X OE

05(;;1?21-5: Boltz 1= oG
Boltz | = Saamann
Nindir ~ 4.3 -
? H I
Eqap S With an accuracy (absolute ol

error) below 10 meV

o]

| -1
k=0 k:o

Directbandgap Indirectbandgap

1 - below bandgap (no absorption)
2 - absorption onset (due to defects and/or phonon-

assisted processes)
3 - high absorption edge (maximum of the optical
absorption rate)

A. R. Zanatta, Scientific Reports 9 (2019) 11225,
https://doi.org/10.1038/s41598-019-47670-y

[
M. Zubkins, J. Gabrusenoks, G. Chikvaidze, I. Aulika, J. Butikova, R. Kalendarev, L. Bikse, “Amorphous ultra-wide bandgap ZnO, %
thin films deposited at cryogenic temperatures”, J. of Applied Physics 128 (2020) 215303, https://doi.org/10.1063/5.0028901
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DIRECT FIT OF COMPLEX
DIELECTRIC FUNCTION




REFLECTION, TRANSMISSION AND MAIN
ELLIPSOMETRIC ANGLE FITTING

p-plane

Fresnel reflection and transmission coefficients

= out jpin . -

=tanPe'® —m Eo /Ep __ sin(@, — @) N, cosp, — VN2 — Nisin’o,

p || ~ Eo¥t/Ein p-plane [ Iy = — = —
out sin(@, + @) N, cosp, + VNI — N? sin’,

= tan Y, exp(iA,)

Pl
ahe of i"sid‘?nce

. tan(@, — @) _ N,/cos@, — N,/V1 — (N,/N,)’sin’ ¢,

s-plar‘lﬂ’/' "otan(g, + @) N,/cos ¢, + Nz/\/l - (NI/N2)2 Sinz%
= tany, exp(iA,),

2 sin@, cos @, _ 2 sing, cos @,

sin(@, + ¢,) " sin(p, + @) cos(, — @)

Layer 5, Ny = ns + iks, d;
Layer 4, IF\E =1y

Layer 3, I’V-; =ny
Layer 2, IV; =n,
Layer 1, Ny = n; + ik;,d,

2 T 0'&@)
glw)—1=— r22 2d'

tan'Wed = o(Ny, Ny, Ny, N3, N, N5, dy , dy, ds, dy, ds, 2., 6,8, V,T)

H. G. Tompiks and E. A. Irene, Handbook of ellipsometry, William Andrew publishing, Springer (2005) ISBN 0-8155-1499-9



TAUC-LORENTZ & CODY-LORENTZ OSC

€1 (E)= Ey T1E,,

Amp_ Eo, Br, (E -Lg, )2

(E*—Eo,f + B, E?

g

2 % g (S
gnl :7PJ- ;Q.L(egd
T g S —-F

Ey_co1 =6 HiEy> where
' E l (E-E,-E,
(E) E £
£\ E)=+ f 3
(E-E,F

un

1

E

where
E>Eg,
E<Eg,
[a]. [b]
i
f
AETE

n—on n

‘ G(EIL(E)

E =(£,,+E,)GE,, +E,)L(E,, +E,)
G(E)=near-bandgap function L(E)=Lorentz oscillator function

= (E—EH_F +EM2 'l(Eg _Ej.,]z _rangl,

S”—E° " (This is an infegral in two parts”)

0<E=<(E,+E,)

E=|E,+E,]

n = oscillator # Tauc Absorption Formula: &(E) o [(E — Eg)*/E’]

Cody Absorption Formula: & o (E — Eg)*
Fit parameters (units): ' P AE) o g

Ampn (el’),
Eon (el’),
Brn (el) Cody-Lorentz (Amp=5, En=4, Br=2, Eg=2, Ep=1, Et=0.1, Eu=0.5)
Egn (el’) 25 : :
Eo
20—
o0 Eg+Et _).
n = oscillator # 15" B —i
o p o ke 25 ;
Fit parameters. 1.0 Eg
Ampn (eV)
Bra (eV) 05 <—Ep/4
Eon (eV)
Egn (eV) 0.0 _
Epn (el) 1.0 20 3.0 40 5.0
Em (el ev
Eun (eV)

7/
H. G. Tompiks and E. A. Irene, Handbook of ellipsometry, William Andrew publishing, Springer (2005) ISBN 0-8155-1499-9 m
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JOHS-HERZINGER GENERALIZED CRITICAL
POINT MODEL - JHGCPM

. . . . . . . . max
This is osalla.tor mo_cIeI combines .hlghly flexible function shape with eE) =1+ ’ZJ W}(E,)(Dj(E, E'. )dE’
Kramer-Kronig consistent properties. TUE,
; m+P ®
. . . — E)D . (E,E', G)dE'
The g, part consists of four polynomials splines connected end-to-end. f,zmﬂ i I E o))
Each spline connects smoothly with the adjacent spline, forming a single,
continues function: . L
n = oscillator # _
Psemi-Tri . '
2 semn Psemi-MO .“7 WR 4’:
— Fit parameters (units): 12 | :/A_\ |
. N
10 Iﬁﬂ; ??e«n:rd L Amp Eogi,:: (:‘;g.trol Ampn (no units), 10 QZ%_:[:SeV :\ \ :
8 1 T T Brn (QV), gl O2RrR=0 ™~ - S AR 08 —JI
o 6| AL=06-_ — - . Ecn (el), “ b \\ \\L\ :
AL=0.5= = = e —— = AR=05 WLn (eV) * \ S \\ AR 05 .
4 < WRn (el) 4 \J'r 3 \_\ AR o
2 ———— AR=02 ALn (no units) 2 [ i
A} ARn (no units) ! !
0 - 0 1
i Fe R'htEcﬁ"t : PROSJ
Ié?:ft—ﬁfr\}ﬁ Point Elcg+ WE oin l4—— PR=06 —l
C. M. Herzinger, B. D. Johs, patent “Dielectric functionparametric model, and method of use”, 1998, US005796983A m

P. Petrik, Parameterization of the dielectric function of semiconductor nanocrystals, Physica. B, Condensed Matter 46:46 (2014) 2, https://doi.org/10.1016/j.physb.2014.03.065
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EXAMPLE: ZnO, FABRICATED AT CRYOGENIC T

Transmission

Depos. T data Ellipsomety data

(°c) E_(eV) E. . (ev) | s (eV)apPlving] [E,,,(eViapplying | [ E,,(eV)applying |[ Eg, (eV) applying
8 Cody JHGCPM SBF to whole a(E) SBF to selected a(E) PWL3 to a(E)
~3.43 3.117 +£0.002 3.49+0.06 3.50+0.20 3.41+0.09 3.41+0.02
~3.41 3.191 +0.022 3.39+0.02 2.73+0.27 3.05+0.13 3.38+0.01
~4.97 4.65 +0.40 476 £0.24 - - 492 +0.01

08 T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
0.0254 = .42C ] 00254 = -a2c 00254 = -42C
X Boltzmann Fit e Boltzmann Fit PWL3
los & e 38C * * 38C * 38C
5 i o 0.020 Boltzmann Fit - 0.020 Boltzmann Fit 0.020 PWL3
° ]
'E E < < W
= & E 0015 41 | E0.015 € g.0154
@ —404 o @ o @
> o [=] (=]
2 c - = =
7] (] 5 5 g
E -03 0.0104 1 0.0104 0.010 4
‘s c
[ -40.2 :,:
w 0.0054 E 0.005 0.005
0.0 0.000 U USRS S 0.000 SR s T 0.000 T——— T T
00 05 1.0 15 20 25 30 35 40 45 50 55 6 00 05 1.0 1.5 2.0 2.5 3.0 3.5 40 45 50 55 6.0 00 05 1.0 15 20 25 30 35 40 45 50 55 6
Photon energy (eV) E (eV) E (eV) E (eV)
7
M. Zubkins, J. Gabrusenoks, G. Chikvaidze, I. Aulika, J. Butikova, R. Kalendarev, L. Bikse, “Amorphous ultra-wide bandgap ZnO,

thin films deposited at cryogenic temperatures”, J. of Applied Physics 128 (2020) 215303, https://doi.org/10.1063/5.0028901
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CONCLUSION

Boltzmann functions provides good fits as long as:

— o y=A2 . .
g __ * they are reproduced at high portion of the a(E) spectrum, and
et A2 ethey presented the variables o maw Eo° %, and 8E with little uncertainty
=R Drawbacks: some deviations at high photon energies may appear for materials, which absorption
y=A1

coefficient increases with increase of £ > ES0!tZ,

|

|oEs b ....1 | Johs-Herzinger generalized critical point model provides good fits as long as
: Popses s * they are reproduced at high portion of the a(E) spectrum
: {171 1 | Drawbacks: complex dielectric function, software of certain complexity are needed
: — R0 —:
e ~ Alternatives:
e 7 * Boltzmann function: in case the absorption coefficient increases with increase of £ > EZ°!Z,

narrower spectral region should be analysed avoiding the «critical» regions of absorption.
* Piecewise linear three point method can be considered a relatively good comprise, too.
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