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The application of wavelet transform to the analysis of the extended X-ray absorption fine structure
(EXAFS) from perovskite-type compounds is presented on the example of the Re L3-edge in ReO3
and Co K-edge in LaCoO3. We propose a modified wavelet transform procedure, which allows better
discrimination of the overlapped contributions into the EXAFS signal.
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1. Introduction

Wavelet transform (WT) is a powerful method for the analy-
sis of complex time-frequency signals [1], which has been widely
used in different fields and applications such as sound and im-
age processing, data compression and signal de-noising. Opposite
to well-known Fourier transform (FT), the WT allows to obtain a
two-dimensional representation of the periodic signal with simul-
taneous localization in time and frequency space domains. The use
of WT for the analysis and interpretation of the extended X-ray
absorption fine structure (EXAFS) spectra is continuously expand-
ing during the last ten years [2–14]. It is believed that the WT can
be useful for the EXAFS signal extraction, noise reduction, includ-
ing the removal of the local deformations in the EXAFS signal as
in de-glitching procedure, and a discrimination of atoms by their
elemental nature in case of overlapping contributions.

The EXAFS signal extraction from the X-ray absorption coeffi-
cient based on the multi-resolution signal decomposition has been
proposed in [2,5]. The approach uses the ability of WT to de-
compose a given signal into the high and low frequency parts,
corresponding to the EXAFS signal and the background contribu-
tion, respectively. It has been successfully applied to the analysis
of the Cu K-edge in copper [2,5] and the Si K-edge in a 6H a-SiC
thin film [4].
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The reconstruction of the radial distribution function from noisy
EXAFS signals of copper has been performed in [3] based on the
wavelet-Galerkin regularization method. In this method, the inte-
gral equation, describing the EXAFS signal, is discretized by projec-
tion onto discrete Daubechies-type wavelet subspaces and is solved
by iterative procedure [3].

Another wide use of WT in the EXAFS data analysis is con-
cerned with an identification of overlapping contributions, in par-
ticular, coming from neighboring atoms of different type or scatter-
ing events of different order such as single and multiple-scattering.
This problem has been addressed through the use of a continuous
Cauchy WT in [6,9–11] and the Morlet WT in [7,12,14]. Recently,
the use of a combined FEFF-Morlet wavelet has been proposed
[13], that improves a resolution of the wavelet ridges in energy and
real space. The method takes into account the scattering properties
of the atoms as computed within the FEFF formalism [15] and pro-
vides better discrimination of different atoms at similar distances
than the Morlet wavelet [13].

In this work the application of WT to the different stages of
the analysis, i.e. for visualization of atomic contributions and dis-
crimination of different atoms, is described on the example of
perovskite-type compounds ReO3 [16] and LaCoO3 [17]. The pe-
culiarity of these compounds is that they contain both heavy and
light elements, and distances between some of them are close, that
complicates the application of traditional analysis methods. Finally,
we propose a modified WT, which provides with a better localiza-
tion of the EXAFS signal and, thus, allows better discrimination of
the overlapped contributions.
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2. Basic principles of EXAFS

The EXAFS signal χ(k) is an oscillating part of the X-ray ab-
sorption coefficient, arising from a scattering of the photoelectron,
excited at the absorbing atom of particular type, by a potential
of surrounding atoms. The frequency of the oscillations is propor-
tional to the total scattering path length of the photoelectron, and
thus, its analysis allows a discrimination of atoms groups, located
at different distances around the absorber. An excellent review on
the topic can be found in [18].

The total EXAFS signal can be described by a sum over infinite
number of scattering events χ j(k), called multiple-scattering (MS)
contributions [18]

χ(k) =
∞∑
j

χ j(k), (1)

where χ j(k) = A(k) sin(2kR + Ψ (k, R)) is an oscillating function,
depending on the scattering properties (amplitude A(k) and phase
Ψ (k, R)) of atoms involved into the scattering process and having
the frequency given by the total scattering path length (2R). Note
that an alternative decomposition of the total EXAFS signal can be
performed over many-atom distributions [19].

A single-scattering curved-wave harmonic approximation is
widely used to describe a contribution from a group of N atoms,
located at close distance R from the absorber. In this case, the
EXAFS signal can be written as [18]

χ(k) = N S2
0

kR2
e−2σ 2k2

e−2R/λ(k) F (k, R) sin
(
2kR + �(k, R)

)
, (2)

where k =
√

(2me/h̄2)(E − E0) is the photoelectron wave number,
me is the electron mass, h̄ is the Plank’s constant, E is the X-ray
photon energy, E0 is the binding energy of the photoelectron, S2

0 is
the scale factor taking into account amplitude damping due to the
multielectron effects, σ is the mean square radial displacement or
Debye–Waller factor, λ(k) is the mean-free path of the photoelec-
tron, F (k, R) is the backscattering amplitude of the photoelectron
and �(k, R) is the total phase shift, including the contributions of
the central and backscattering atoms.

The easiest way to evaluate the interatomic distance R is to per-
form a spectral analysis using the FT [20]. However, if two groups
of different atoms are located at close distances, their contributions
in R-space overlap and become indistinguishable. For a compound,
composed of light and heavy elements, as for example rhenium tri-
oxide (ReO3), one can note that heavy rhenium atoms have large
values of the scattering amplitude F (k, R) at higher values of wave
numbers k, whereas light oxygen atoms – at low wave numbers.
As a result, their contributions into the total EXAFS signal are dif-
ferently localized in the k-space and, therefore, one can use this
fact to discriminate them with the help of WT.

3. Conventional continuous wavelet transform

Wavelet transform of a given signal χ(k) is defined as

w(a,b) = √
a

+∞∫
−∞

χ(k)ϕ̄
(
a(k − b)

)
dk, (3)

where ϕ(k), called the “mother-wavelet”, has non-zero value in a
very short range of arguments. The bar over ϕ(k) indicates that its
complex conjugated function is used. For the so-called Morlet WT,
the function ϕ(k) is defined as

ϕ(k) = exp(iω0k)exp
(−σ 2

0 k2). (4)
In further discussion, the parameter σ0 equals always to 1 Å, since
k is measured in Å−1, and will be omitted. The meaning of pa-
rameter ω0 will be given below. The mother-wavelet function ϕ(k)

differs from zero in a short range of argument values that makes a
principle difference between WT and FT.

The more similar is the shape of the χ(k) signal and of the
function ϕ(k), the larger is the value of w(a,b). By varying the val-
ues of parameters a and b, basic transformations of ϕ(k), distortion
and translation, are carried out, and the signal χ(k) is analyzed for
a similarity with functions of different width in different ranges
of argument values. Note that when high frequencies are present
in the analyzed signal, the maximum of the function w(a,b) is
located at the large values of parameter a. Parameters of signal
components k and ω are calculated using the relationships b = k
and a = ω/ω0, which will be addressed below.

The resolution of the wavelet transform is limited by the width
of wavelet function in k-space and ω-space, i.e. equals to 2	k and
2	ω . Since the wavelet transform is the integral of the product
of wavelet function and signal, the value of w(a,b) depends on
the values of all signal points inside the interval (b − 	k;b + 	k)

and on the amplitudes of all signal frequencies in the range
(ωa−	ω;ωa+	ω). If there are such two contributions in the sig-
nal that the differences between their frequencies is smaller than
2	ω or they are separated in k-space by distance smaller than
2	k , they cannot be resolved. It can be written in the form of
so-called uncertainty boxes as [b ± 	k] × [ω0a ± 	ω]. Obviously
the values of 	k and 	ω depend on the value of a. The general
expressions of this dependency for any type of wavelet function
can be easily obtained, here we will focus on the Morlet wavelet
transform only. Let us estimate 	k as the second momentum of
the square of wavelet function around its center, i.e. at the point
k = b:

	k = 1

‖ϕ(k)‖

√√√√√
+∞∫

−∞
(k − b)2a exp

(−2a2(k − b)2
)

dk = 1

2a
. (5)

The Fourier transform of the Morlet wavelet function is

ϕ̂(ω) =
+∞∫

−∞
exp

(
iω0a(k − b)

)
exp

(−a2(k − b)2) exp(−iωk)dk

=
√

π

a
exp

(−(ω0a − ω)2/
(
4a2)exp(−ibω)

)
(6)

and

	ω = 1

‖ϕ̂(ω)‖

√√√√√
+∞∫
0

(ω − ω0a)2 π

a
exp

(−(ω0a − ω)2/
(
2a2

))
dω

= a

2
. (7)

It can be seen now that

(1) the resolution in ω-space depends on the values of a, so it is
different for different signal frequencies and results in a defor-
mation of the signal image as will be described in details in
the next section;

(2) the resolutions in ω-space and in k-space are inversely propor-
tional, i.e. a good resolution in ω-space means poor resolution
in k-space and vice versa;

(3) since a = ω/ω0, the resolution can be easily changed by vary-
ing the value of the parameter ω0.

The advantage of WT over FT can be illustrated (Figs. 1 and 2)
on example of the two model signals χ1(k) and χ2(k)
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Fig. 1. (Color online) Model 1: initial signal χ1(k) (bottom panel), modulus of its Fourier transform (left panel), modulus of its Morlet wavelet transform (central panel). See
text for details.

Fig. 2. (Color online) Model 2: initial signal χ2(k) (bottom panel), modulus of its Fourier transform (left panel), modulus of its Morlet wavelet transform (central panel). See
text for details.
χ1(k) = sin(4k) + sin(8k),

χ2(k) = sin(4k)exp
(−(k − 5)2) + sin(8k)exp

(−(k − 10)2). (8)

The first signal χ1(k) consists of a sum of two sinusoidal compo-
nents, whereas the second one χ2(k) is composed of two modu-
lated by Gaussians sinusoidal signals, being well localized in two
narrow k-ranges. Note that the shape of the χ2(k) signal imitates
the EXAFS from a system with two coordination shells, where the
first shell consists of light atoms and the second shell – of heavy
atoms.

The WT moduli for the two model signals are shown in Figs. 1
and 2 as a function of argument k and the frequency ω. Both
methods (FT and WT) allow to observe the two components. How-
ever, the FT image, being a one-dimensional function, provides an
information only on the components frequencies, whereas the WT
allows additionally to evaluate their duration in the k-space.
One can see that the use of conventional Morlet WT for the
second signal, constructed from the two components of equal du-
ration in k-space, results in a two-dimensional function with two
maxima, having different non-symmetric shapes. At the same time,
its FT contains two symmetric maxima.

In Fig. 3 we show an example of the WT of the Re L3-edge
EXAFS spectra, taken from [16], in cubic perovskite-type polycrys-
talline ReO3, which illustrates nicely the advantage of the WT over
FT. The two maxima, located at different values of wave numbers
and distances are observed in the WT. They correspond to the first
two coordination shells around the rhenium atom, composed of
six oxygen (the 1st shell) and six rhenium (the 2nd shell) atoms,
respectively.

As it was mentioned before, due to the difference in the scat-
tering amplitudes between heavy and light elements, the rhenium
atoms produce stronger EXAFS signal at large values of the wave



J. Timoshenko, A. Kuzmin / Computer Physics Communications 180 (2009) 920–925 923
Fig. 3. (Color online) The Re L3-edge EXAFS signal (bottom panel) in polycrystalline ReO3 [16] at room temperature, its Fourier transform (left panel) and Morlet wavelet
transform (central panel).
number k whereas the light oxygen atoms – at low k values, i.e.
they are localized in different ranges of k-space. This fact is used
in the WT to distinguish the two contributions. Note that con-
ventional FT does not provide with such possibility. From Fig. 3,
one can unambiguously conclude that the maximum at R ∼ 1.5 Å,
k ∼ 5 Å

−1
is due to the first oxygen shell, whereas the more dis-

tant maximum at R ∼ 3.5 Å, k ∼ 15 Å
−1

is due to a group of rhe-
nium atoms. Note that there are also visible some additional weak
maxima corresponding to the multiple-scattering effects within the
first coordination shell and to the distant coordination shells [21].

4. Modified wavelet transform

In this section we will introduce the modified wavelet trans-
form, which allows to obtain a better localization of the EXAFS
signal through the use of both high and low frequency parts of the
EXAFS signal simultaneously.

First, let us consider the continuous Morlet WT of the signal,
composed of three damped sinusoidal functions

χ(k) = sin(a1k)exp
(−(k − b1)

2) + sin(a2k)exp
(−(k − b2)

2)
+ sin(a3k)exp

(−(k − b3)
2), (9)

with a1 = 4, b1 = 4; a2 = 12, b2 = 10, a3 = 20 and b3 = 16.
The signal is shown in Fig. 4 together with the modulus of its
Fourier transform, which is composed of three maxima having
close widths. Such signal is localized both in ω- and k-space.

The moduli of the continuous Morlet WT for different values of
parameter ω0 are shown in Fig. 5. Each plot has three pronounced
maxima, but their shapes differ and depend on the value of the
parameter ω0. For frequencies much larger than ω0, the maxima
are stretched in the direction of the ω-axis, but for frequencies
smaller than ω0, the maxima are stretched in the direction of the
k-axis. Such difference in the shapes complicates the interpreta-
tion of the obtained results. Besides, when ω0 takes values far
from the analyzed signal frequency, the maxima in conventional
WT become broadened in the corresponding direction, and the in-
formation about their localization in ω or k-space gets lost. Note
that the broadening effect is a general property of WT and is not
specific for the Morlet transform only. More information on the
properties of WT can be found in [22,23].
(a)

(b)

Fig. 4. Model signal (a) and its Fourier transform (b).

In order to find a solution for the described problem, we will
examine the analytical expression of the continuous Morlet WT for
harmonic signal, modulated by a Gaussian function

χ(k) = exp(iω1k)exp
(−σ 2k2). (10)

By substituting Eq. (10) into Eq. (3) and performing integration,
one obtains

wa,b =
√

π

a
γ exp

(−γ (ω0a − ω1)
2/(2a)2) exp

(−b2γ σ 2)

× exp(iγω1b)exp
(
iω0bγ σ 2/a

)
, (11)

where γ = a2/(a2 + σ 2), 0 � γ � 1, and the modulus of the WT
is

|wa,b| = (wa,b wa,b)
0.5

= (πγ /a)0.5 exp
(−γ (ω0a − ω1)

2/(2a)2)exp
(−b2σ 2γ

)
. (12)

Here the first exponential term describes the localization of the
transform result in the ω-space (and consequently the information
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Fig. 5. (Color online) Moduli of the Morlet wavelet transform for the model signal w0 = 0.1 (a), w0 = 4 (b), w0 = 12 (c), w0 = 20 (d), w0 = 100 (e), w0 = 1000 (f).
about the localization in this space of initial signal), whereas the
second exponential term acts in the k-space. For a signal of fre-
quency ω1 with a maximum at k = 0, the modulus of its Morlet
WT reaches the maximum value for b = 0 and a = ω1/ω0.

Eq. (12) can be used to evaluate the deformations of the signal
components images in a more quantitative way. The localization
of the modulus of WT in the k-space is determined by the term
exp(−b2σ 2γ ). Therefore, the width of the transform image along
the k-axis (not to be confused with the width of the wavelet func-
tion, discussed above) can be described by the second moment of
the square of this function (it can be associated with the energy of
signal) around the zero point

μ2
b =

+∞∫
−∞

b2 exp
(−2b2γ σ 2)db = 1

4

√
π

2γ 3σ 6
. (13)

Similarly, the exponential term exp(−γ (ω − ω0a)2/(2a)2) limits
the image of WT in the ω-space, and one can estimate the width
of the corresponding maximum along the ω-axis, using the ap-
proximation a ≈ ω1/ω0, as

μ2
a =

+∞∫
0

(
a − ω1

ω0

)2

exp

( −ω2
0

2(
ω1
ω0

2 + σ 2)

(
a − ω1

ω0

)2)
da

= 1

2

√
2π

(
(ω1/ω0)2 + σ 2

)3
/ω6

0. (14)

The deformation of the maximum can be defined as

μ2
b
2

= 1

4

[
ω0

aσ

]3

. (15)

μa
Note that if a � ω0 (ω1 � ω0), then the image is distorted in
the direction of ω-axis, and if a 	 ω0 (ω1 	 ω0), then the distor-
tion takes place in the direction of k-axis.

Based on Eq. (15), we propose the following modification of the
WT: the value of parameter ω0 is varied during the transformation,
in order to keep the deformation of the image constant, indepen-
dently on the frequency ω1. This can be achieved if ω0 varies
proportionally to the value of the parameter a, i.e., ω0 = ca, where
c is a positive constant, and the modified Morlet WT is given by

w(a,b) = √
a

+∞∫
−∞

χ(k)exp
(−ica2(k − b)

)
exp

(−a2(k − b)2)dk. (16)

Note that unlike the conventional continuous Morlet transform,
the mother-wavelet function in Eq. (16) changes for each value
of a during the transformation. However, the transform, defined
by Eq. (16), can also be considered as a set of many conven-
tional continuous Morlet transforms, each carried in the range
from a − (da)/2 to a + (da)/2. Therefore, the proposed transform
inside of each of these intervals should have the same properties
as a conventional continuous Morlet transform and, thus, can be
called a wavelet transform. For instance, similarly to the conven-
tional Morlet transform, also in the case of the proposed transform
the resolution in k-space can be increased by reducing the resolu-
tion in ω-space (by decreasing the value of parameter c) and vice
versa.

One should note again that the proposed transform does not
provide a resolution better than the conventional wavelet trans-
form, but assures that the resolution is the same for all values of a.
This means also that the properties of proposed transform, related
to its image in ω-space, differ from the properties of the conven-
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Fig. 6. (Color online) Modulus of the modified wavelet transform of the model sig-
nal. (To be compared with results in Fig. 5.)

(a)

(b)

Fig. 7. (Color online) Modulus of the Morlet wavelet transform (a) and modulus of
the modified wavelet transform (b) of the Co K-edge EXAFS signal in LaCoO3.

tional wavelet transform. For instance, the equation for calculation
of inverse wavelet transform, given in [22], cannot be directly ap-
plied to the modified transform.

The application of Eq. (16) to the model, given by Eq. (9), is il-
lustrated in Fig. 6. The calculated image allows to obtain correct
values of the frequencies of the signal components. Besides, the
maxima, corresponding to the different components of the signal,
do not overlap, are well localized and have similar shapes. Finally,
the images of components with equal amplitudes have also equal
magnitudes. Therefore, all this makes the visualization and inter-
pretation of the results simpler.

Further we will discuss the use of the modified WT for the
analysis of experimental EXAFS signals.

The conventional and modified WTs (Fig. 7) are applied to the
Co K-edge EXAFS signal in LaCoO3, taken from [17]. One can see,
that the most noticeable maxima, corresponding to the oxygen at
R ∼ 1.5 Å, k ∼ 4 Å

−1
and cobalt at R ∼ 3.5 Å, k ∼ 10 Å

−1
atoms,
have significantly better localization in the case of the modified
WT. Also the maxima, corresponding to more distant atoms and
multiple-scattering effects (the peaks at 5 and 6 Å), are distorted
and cannot be discriminated in the case of Morlet WT, but they
are well enough localized in the modified WT image that makes
their separation possible.

5. Conclusions

The application of wavelet transform to the analysis of the EX-
AFS signals of perovskite-type compounds is demonstrated on the
example of ReO3 and LaCoO3. We found that the wavelet trans-
form is advantageous method compared with conventional Fourier
transform both for visualization and interpretation of the EXAFS
spectra, especially, for compounds composed of heavy and light el-
ements.

The modified wavelet transform is proposed, which gives bet-
ter localization, allowing to operate with high and low frequency
parts of the EXAFS signal simultaneously, and, thus, provides easier
interpretation of results.

To conclude, the wavelet transform is a powerful and flexible
method which can replace the Fourier transform in all its applica-
tions to the EXAFS data analysis, providing even more information
and allowing more detailed studies.
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